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Abstract
It is well known that when a pair of random variables is statistically in-
dependent, it has no-correlation (zero covariance, E[XY ] − E[X]E[Y ] =
0), and that the converse is not true. However, if both of these ran-
dom variables take only two values, no-correlation entails statistical in-
dependence. We provide here a general proof. We subsequently examine
whether this equivalence property carries over to quantum mechanical
systems. A counter-example is explicitly constructed to show that it does
not. This observation provides yet another simple theorem separating
classical and quantum theories.
1 Introduction
Differences and boundaries between the classical and quantum mechanics, as
manifested by the Bell’s inequalities[1, 2], have been under active research in-
vestigations both theoretically and experimentally. In this paper, we present
yet another simple theorem which separates classical and quantum probability
theories.
It is well known and can be simply proven that when two random variables
are statistically independent, they are not correlated. The converse is not true
in general (e.g., [3]). We can have a pair of random variables which is not
correlated but not statistically independent, and such examples can be easily
constructed as well. (A known exception is when their joint probability density
function has the form of a bivariate normal distribution[4].)
We, however, first show that when both of these random variables are not
continuous and take only two distinct values, statistical independence and no-
correlation become equivalent in general. In other words, the proposed theorem
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means that one cannot have an uncorrelated pair of random variables with two
distinct values which is not statistically independent.
We, then, consider the corresponding question in quantum mechanics. The
notion of statistical independence is associated with that of separability of state
vectors for a two-particle quantum system. We can see that the separability
entails no-correlation as in the classical probabilistic framework. However, the
above-mentioned theorem about two-state systems does not carry over to quan-
tum mechanics. We show this by explicitly constructing a counter-example.
2 Classical case
Consider two random variables X and Y , such that they both take only two dis-
tinct finite values (x1, x2) and (y1, y2). Denote the joint probability distribution
for these variables as P (X : Y ), and assume it is given by
p(xi : yj) ≡ P (X = xi : Y = yj) = pij , (i, j ∈ {1, 2}) (1)
Then, the probability distributions P (X) for X and P (Y ) for Y are simply
expressed as follows.
p(xi) ≡ P (X = xi) = pi1 + pi2, p(yj) ≡ P (Y = yj) = p1j + p2j . (2)
By the requirement that both X,Y take only two values,
p(x1) + p(x2) = p(y1) + p(y2) = 1. (3)
These relations can be summarized in the following table.
XY x1 x2
y1
y2
p
11
p
12
p
22
p
21
x1p(  ) x2p(  )
y1p(  )
y2p(  )
1
The statistical independence of X and Y is defined as
P (X : Y ) = P (X)P (Y ). (4)
Also, with the definition of expectation values as
E[X ] =
∑
i
p(xi)xi, E[Y ] =
∑
i
p(yi)yi, E[XY ] =
∑
i,j
p(xi : yj)xiyj,
we define that X and Y are not correlated when their covariance is zero.
Cov[X,Y ] ≡ E[XY ]− E[X ]E[Y ] = 0,
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or equivalently,
E[XY ] = E[X ]E[Y ]. (5)
We can see from the above definition that given (4), (5) follows. Our main
statement here is that the converse is true, i.e., (4) and (5) are equivalent when
both of these random variable take two finite distinct values. In passing, we
note that if either (or both) X or Y takes more than two values, one can easily
create examples showing this equivalence does not hold.
Theorem 1
When both random variables X and Y take two distinct finite values as set
up above, and
E[XY ] = E[X ]E[Y ], (6)
then
P (X : Y ) = P (X)P (Y ). (7)
Proof
Let us define all the relevant probabilities with three parameters using rela-
tions (1), (2) and (3). We set
α = p11, u = p(x1), v = p(y1).
Then, other relevant probabilities can be expressed as summarized in the fol-
lowing updated table.
XY x1 x2
y1
y2
1- u
v
u
1- vu-α
α v-α
1+α
-u-v
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By definition of the expectation values, we have the following
E[X ] = ux1 + (1− u)x2,
E[Y ] = vy1 + (1− v)y2,
E[XY ] = αx1y1 + (u− α)x1y2 + (v − α)x2y1 + (1− v − u+ α)x2y2.
The condition (6) is now used together with above so that we obtain
0 = E[XY ]− E[X ]E[Y ]
= {αx1y1 + (u− α)x1y2 + (v − α)x2y1 + (1− v − u+ α)x2y2}
−{ux1 + (1− u)x2}{vy1 + (1 − v)y2}
= (α− uv)(x1 − x2)(y1 − y2).
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By the assumption that both of these stochastic variables take two distinct
values (x1 6= x2, y1 6= y2), this leads to
α− uv = p11 − p(x1)p(y1) = 0.
From here, we can show that other joint probabilities can also be decomposed,
leading to
P (X : Y ) = P (X)P (Y ). Q.E.D. (8)
We note that above theorem is obtained even though we have eight param-
eters (four joint probabilities and x1,2, y1,2) with only two equations of con-
straints:(6) and the relation that the sum of the four joint probabilities is equal
to 1.
3 Quantum case
We now address the same question in quantum mechanics. In particular, we
consider the analogous situation using a pair of quantum particles, each taking
two states. Such quantum particles are called qubits, and often used in the
context of quantum information theory as a unit of information (e.g., [5, 6,
7]). They are also used (e.g.,[1, 8, 9, 10, 11, 12]) in considering foundations of
quantum mechanics and quantum measurement theories (e.g., [13, 14, 15, 16]).
We consider the following. We have two quantum particles A and B. The
total normalized state vector |ψ〉 is given by
|ψ〉 =
∑
i,j
γi,j |ai〉 ⊗ |bj〉 ,
where |a〉 and |b〉 describe the state of particles A and B, and γi,j are quantum
amplitudes given by complex scalars.
The two particle system is called separable when all γi,j can be written as a
product of two scalars.
γi,j = αiβj
In other words, the system is separable when the total state vector can be
decomposed as a product of each normalized state of A and B.
|ψ〉 = |ψA〉 ⊗ |ψB〉
where
|ψA〉 =
∑
i
αi |ai〉 |ψB〉 =
∑
j
βj |bj〉 .
We make a natural correspondence between the notion of statistical inde-
pendence with this separability of state vectors. The state vectors which are
not separable are called entangled state vectors.
In order to consider expectation values of quantum observables, we now set
up two operators X and Y as X = QA ⊗ 1B and Y = 1A ⊗RB. Here, QA and
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RB are quantum observable operators for A and B respectively, and 1 is the
identity operator.
With the above set up, we first proceed to show that separability entails
no-correlations. In terms of equations, we want to show that if |ψ〉 is separable,
〈ψ| XY |ψ〉 = 〈ψ| X |ψ〉 〈ψ| Y |ψ〉 . (9)
This follows immediately from the definition of separability as
〈ψ| XY |ψ〉 = 〈ψA| ⊗ 〈ψB | XY |ψA〉 ⊗ |ψB〉
= 〈ψA| Q |ψA〉 〈ψB| R |ψB〉 = 〈ψ| X |ψ〉 〈ψ| Y |ψ〉 .
We note in passing that validity of this property is not limited to two-state
particles, but for general separable systems.
Now, we limit ourselves to two-state systems and examine whether analog
of the Theorem 1 is valid in the quantum case. In other words, we want to
examine the following statement.
If, in the above setting, particles A and B take two states (as in qubits) and
the no-correlation condition (9) is satisfied, then the state vector is separable.
It turns out that the above statement does not hold in quantum systems. We
show this by explicitly constructing a counter-example. In order to do this, we
use a non-separable (entangled) Bell state vector, and give observable operators
which satisfy (9).
Bell state vector is a representative example of entangled state vectors. We
use the following Bell state for our two-particle, two-state system.
|φ〉 = 1√
2
(|a1〉 ⊗ |b1〉+ |a2〉 ⊗ |b2〉),
where |a(1,2)〉 are the orthonormal states of the particle A, and similarly |b(1,2)〉
for the particle B. This state is clearly not separable. We compute expectation
values with respect to this Bell state vector.
The expectation value for the product of the observable operators is given
as
〈φ| XY |φ〉 = 1
2
(〈a1| ⊗ 〈b1|+ 〈a2| ⊗ 〈b2|)(QA ⊗ 1B)(1A ⊗RB)(|a1〉 ⊗ |b1〉+ |a2〉 ⊗ |b2〉)
=
1
2
(q11r11 + q12r12 + q21r21 + q22r22), (10)
where qij = 〈ai| QA |aj〉 and rij = 〈bi| RB |bj〉.
On the other hand, the product of expectation values for the two particles
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can be computed as follows.
〈φ| X |φ〉 〈φ| Y |φ〉 = 1
4
(〈a1| ⊗ 〈b1|+ 〈a2| ⊗ 〈b2|)(QA ⊗ 1B)(|a1〉 ⊗ |b1〉+ |a2〉 ⊗ |b2〉)
× (〈a1| ⊗ 〈b1|+ 〈a2| ⊗ 〈b2|)(1A ⊗RB)(|a1〉 ⊗ |b1〉+ |a2〉 ⊗ |b2〉)
=
1
4
((q11 + q22)(r11 + r22))
=
1
4
(q11r11 + q22r11 + q11r22 + q22r22). (11)
The condition for no-correlation is satisfied when (10) is equal to (11). We
can achieve this by assigning various concrete values for the matrix elements
qij , rij of QA and RB in the basis of |a(1,2)〉 and |b(1,2)〉 respectively. One
example is shown below.
QA =
[
3 1
1 1
]
, RB =
[
1 1
1 3
]
(12)
The above observation means that no-correlation does not necessarily leads
to separability for this two-particle two-state quantum system. Thus, we have
shown that Theorem 1, which holds for classical probabilities, does not carry
over to analogous quantum systems.
4 Conclusion
We have considered a relation between statistical independence and correlation
both in classical and quantum theories. In particular, we noted that for two-
state two-variable systems, the classical probability show equivalence between
the statistical independence and no-correlation. However, this equivalence in
analogous quantum systems does not hold. Our observation provides yet another
example of differences between classical and quantum theories.
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